Gravitational waves from binary neutron stars in quasiequilibrium circular orbits are computed using an approximate method which we propose in this paper. In the first step of this method, we prepare general relativistic irrotational binary neutron stars in a quasiequilibrium circular orbit, neglecting gravitational waves. We adopt the so-called conformal flatness approximation for a three-metric to obtain the quasiequilibrium states in this paper. In the second step, we compute gravitational waves, solving linear perturbation equations in the background spacetime of the quasiequilibrium states. Comparing numerical results with post Newtonian waveforms and luminosity of gravitational waves from two point masses in circular orbits, we demonstrate that this method can produce accurate waveforms and luminosity of gravitational waves. It is shown that the effects of tidal deformation of neutron stars and strong general relativistic gravity modify the post Newtonian results for compact binary neutron stars in close orbits. We indicate that the magnitude of a systematic error in quasiequilibrium states associated with the conformal flatness approximation is fairly large for close and compact binary neutron stars. Several formulations for improving the accuracy of quasiequilibrium states are proposed.
Gravitational waves from binary neutron stars in quasiequilibrium circular orbits are computed using an approximate method which we propose in this paper. In the first step of this method, we prepare general relativistic irrotational binary neutron stars in a quasiequilibrium circular orbit, neglecting gravitational waves. We adopt the so-called conformal flatness approximation for a three-metric to obtain the quasiequilibrium states in this paper. In the second step, we compute gravitational waves, solving linear perturbation equations in the background spacetime of the quasiequilibrium states. Comparing numerical results with post Newtonian waveforms and luminosity of gravitational waves from two point masses in circular orbits, we demonstrate that this method can produce accurate waveforms and luminosity of gravitational waves. It is shown that the effects of tidal deformation of neutron stars and strong general relativistic gravity modify the post Newtonian results for compact binary neutron stars in close orbits. We indicate that the magnitude of a systematic error in quasiequilibrium states associated with the conformal flatness approximation is fairly large for close and compact binary neutron stars. Several formulations for improving the accuracy of quasiequilibrium states are proposed. 
I. INTRODUCTION
The last stage of inspiraling binary neutron stars toward merger, which emits gravitational waves of frequency between ∼ 10 and ∼ 1000Hz, is one of the most promising sources of kilometer-size interferometric gravitational wave detectors such as LIGO [1] . Detection of gravitational waves from the inspiraling binaries will be achieved using a matched filtering technique in the data analysis, for which it is necessary to prepare theoretical templates of gravitational waves. This fact has urged the community of general relativistic astrophysics to derive highly accurate waveforms and luminosity of gravitational waves from compact binaries.
For an early inspiraling stage in which the orbital separation r o is > ∼ 4R where R denotes neutron star radius and in which the orbital velocity v is much smaller than the speed of light c, tidal effects from companion stars and general relativistic effects between two stars are weak enough to neglect the finite-size effect of neutron stars as well as to allow us to adopt a post Newtonian approximation. For this reason, post Newtonian studies jointly using point particle approximations for compact objects have been carried out by several groups, producing a wide variety of successful results (e.g., [2] [3] [4] [5] [6] [7] ). However, for closer orbits such as for r o < ∼ 4R and v > ∼ c/3, the tidal effect is likely to become important, resulting in deformation of neutron stars and in the modification of the amplitude and luminosity of gravitational waves. Furthermore, general relativistic effects between two stars are so significant that convergence of post Newtonian expansion becomes very slow [8] . These facts imply that, for preparing theoretical templates for close orbits, fully general relativistic and hydrodynamic treatments for the computation of binary orbits and gravitational waves emission are necessary.
Using the quadrupole formula of gravitational wave luminosity dE/dt and the Newtonian formula for the binding energy between two point masses, E p , the ratio of coalescence timescale due to emission of gravitational waves E p /(4dE/dt) [9] to the orbital period for binaries of equal mass in circular orbits is approximately written as where M t is the total mass and G gravitational constant. The effects of general relativity and tidal deformation can shorten the coalescence timescale by a factor of several (see Sec. V), but for most of close orbits, the emission timescale is still longer than the orbital period. This implies that binary orbits may be approximated by a quasiequilibrium circular orbit, which we here define as the orbit for which the coalescence timescale is longer than the orbital period. Several approximate methods with regard to the computation of the quasiequilibrium states and associated gravitational waves have been recently presented by several groups [10] [11] [12] . All these methods require one to solve the Einstein equation by direct time integration and hence require to perform a large-scale numerical simula-tion. In [10, 11] , new formalisms have been proposed to compute the late inspiraling stage of binary black holes, for which it is likely to be necessary to perform numerical time integration for obtaining a realistic quasiequilibrium sequence. On the other hand, the purpose for the authors of [12] is to compute gravitational waves from a fixed background spacetime of a computable quasiequilibrium state such as that of binary neutron stars. However, so far, the two formalisms have not been applied yet [10, 11] , and the other method has not succeeded in an accurate computation of gravitational waveforms because of restricted computational resources [12] . To adopt these methods in accurately computing gravitational waves, it is necessary to develop robust computational techniques as well as to prepare sufficient computational resources for a large-scale simulation.
The purpose of this paper is to compute gravitational waves from binary neutron stars in quasiequilibrium states. A quasiequilibrium sequence of binary neutron stars can be constructed characterizing the sequence in terms of conserved quantities such as baryon rest mass and vorticity. In addition, some approximate formulations and numerical techniques have been already developed for the computation of such quasiequilibrium solutions [13] [14] [15] [16] [17] . These facts imply that we may avoid performing direct time evolution of the Einstein and hydrodynamic equations for obtaining binary neutron stars in quasiequilibrium. Only in computing gravitational waves do we need to integrate the Einstein equation using the quasiequilibrium solution as a source. From these reasons, we follow an idea of [12] , but we propose a more systematic approximate formalism in which it is possible to compute waveforms and luminosity of gravitational waves with better accuracy using well-known computational techniques and cheap computational costs.
Our method is in a sense similar to the standard post Newtonian method for the computation of gravitational waves from binaries of two-point masses in circular orbits [3, 4] . Thus, before proceeding, let us briefly review an outline of the post Newtonian method. In the post Newtonian calculation, the procedure is divided into two steps: In the first step, the quasiequilibrium circular orbits of binaries are determined using post Newtonian equations of motion for two point masses, neglecting radiation reaction terms of gravitational waves. Neglect of the radiation reaction is justified for most of orbits for which the radiation reaction timescale is longer than the orbital period as shown in Eq. (1.1). After the binary orbits are determined, gravitational waves are calculated in a post-processing; one integrates the post Newtonian wave equations for gravitational waves, substituting the matter field and associated gravitational field of quasiequilibrium states as the source terms. After the computation of the gravitational wave luminosity, one can compute the radiation reaction to a quasiequilibrium circular orbit to determine a new orbit. By repeating this procedure, one can determine an evolution of a binary orbit due to radiation reaction of gravitational waves and associated gravitational wave train.
As in the post Newtonian method, in our formalism, quasiequilibrium states are computed in the first procedure assuming that gravitational waves are absent. As a first step of the development of our new scheme, we adopt the so-called conformal flatness approximation for computation of the quasiequilibria in this paper. After computation of the quasiequilibrium states, we integrate the wave equation for gravitational waves (derived from the Einstein equation in Sec. IV), inputting the gravitational and matter fields of the quasiequilibrium states as the source terms. The difference between the post Newtonian method and ours is that we fully take into account general relativistic effects (under the adopted approximate formulation) and hydrodynamic, tidal deformation effects. As is shown later, these two effects play important roles for compact binary neutron stars in close orbits.
A word of caution is appropriate here: We choose the conformal flatness approximation for the quasiequilibrium solutions simply because of a pragmatic reason that we currently adopt this approximation in numerical computation. It would be possible to extend this work modifying the formalism for the gravitational field of the quasiequilibrium background solutions (see discussion in Sec. VI). The purpose in this paper is to illustrate the robustness of our new framework.
The organization of this paper is as follows. In Sec. II, we describe the Einstein equation in the presence of a helical (helicoidal) Killing vector [cf. Eq. (2.1)]. In deriving the equations, we do not consider any approximation and assumption except for the helical symmetry. We will clarify the structure of the Einstein equation in the presence of the helical symmetry. In Sec. III, we briefly describe the gauge conditions which are suited for computing gravitational waves from binary neutron stars in quasiequilibrium orbits. In Sec. IV, after brief review of the conformal flatness approximation and hydrostatic equations for a solution of quasiequilibrium states, we introduce a linear approximation and derive the equations for computation of gravitational waves from the quasiequilibrium states. In Sec. V, we numerically compute gravitational waves from irrotational binary neutron stars in quasiequilibrium circular orbits. First, we calibrate our method by comparing the numerical results with post Newtonian formulas for gravitational waves from two point masses [2, 8] , adopting weakly gravitating binary neutron stars. We will demonstrate that our results agree well with post Newtonian analytic formulas [3] . Then, gravitational waves from more compact binaries are computed to point out the importance of tidal deformation and strong general relativistic effects on gravitational waves for close binaries. Section VI is devoted to a summary and discussion.
In the following, we use geometrical units in which G = c = 1. We adopt spherical polar coordinates; Latin indices i, j, k, . . . and Greek indices µ, ν, . . . take r, θ, ϕ and t, r, θ, ϕ, respectively. We use the following symbols for a symmetric tensor, A (ij) = (A ij + A ji )/2 and the Kronecker's delta δ ij .
II. BASIC EQUATIONS
We are going to compute gravitational waves from binary neutron stars in quasiequilibrium circular orbits using an approximate framework of the Einstein equation. Before deriving the basic equations for the approximation, we describe the full sets of the Einstein equation in the presence of a helical Killing vector as
where Ω denotes the orbital angular velocity and i = Ω(∂/∂ϕ) i . The purpose in this section is to clarify the structure of the Einstein equation in the helical symmetric spacetimes.
A. 3+1 formalism for the Einstein equation
We adopt the 3+1 formalism for the Einstein equation [18] in which the spacetime metric is written as
where g µν , α, β j (β i = γ ij β j ), and γ ij are the 4D metric, lapse function, shift vector, and 3D spatial metric, respectively. Using the unit normal to the 3D spatial hypersurface Σ t ,
3)
γ ij and the extrinsic curvature K ij are written as 5) where ∇ k is the covariant derivative with respect to g µν . For the following calculation, we define the quantities as
4)
K ij = −γ k i γ l j ∇ k n l ,(2.γ = det(γ ij ), (2.6) γ ij = ψ −4 γ ij ,(2.
7)
where ψ is a conformal factor and K ≡ K ij γ ij . In contrast to the formalism which we use in 3+1 numerical simulations [19] , we do not a priori impose the conditioñ γ ≡ det(γ ij ) = det(η ij ) ≡ η where η ij is the metric in the flat space and η = r 4 sin 2 θ. In the following, the indices of variables with a tilde such asÃ ij ,Ã ij ,β i , andβ i (= β
The Einstein equation is split into the constraint and evolution equations. The Hamiltonian and momentum constraint equations are 12) where E and J i are defined from the energy-momentum tensor T µν as
R andR are the scalar curvatures with respect to γ ij and γ ij , and∆ =D kD k . The elliptic-type equation (2.11) will be used for determining ψ.
The evolution equations for the geometry are
15) 16) where R ij is the Ricci tensor with respect to γ ij and
By operating γ ij in Eqs. (2.15) and (2.16), we also have
To write the evolution equation of K in the form of Eq. (2.19), we use the Hamiltonian constraint equation (2.9). Using Eqs. (2.15) and (2.18), the evolution equation forγ ij is described as
B. Einstein equation in helical symmetric spacetime
In the presence of the helical Killing vector 
where
Equation (2.20) is also rewritten in the form 
Equation (2.29) is solved to determineβ i , after we appropriately specify the spatial gauge condition forγ ij . In handling Eq. (2.29), the following relation is useful to evaluate the sum of the fourth and sixth terms in Eq. (2.29):
Here,Γ 
whereR ij is the Ricci tensor with respect toγ ij and 33) where 
We note thatΓ
The second line in Eq. (2.23) is written as
Substituting Eq. (2.27) into the last term, we find the presence of a term as
Recalling the presence of a term −∆ flat h ij /2 inR ij , it is found that Eq. (2.23) constitutes a Helmholtz-type equation for the nonaxisymmetric wave parts of h ij as
In the axisymmetric case, the equation for h ij changes to an elliptic-type equation. This is natural because in stationary, axisymmetric spacetime, there do not exist gravitational waves. In the nonaxisymmetric case, also, the axisymmetric part of h ij obeys an elliptic-type equation, and hence it is regarded as a nonwave component [20] .
As a consequence of the calculations in this section, it appears that ψ and β i obey elliptic-type equations and hence they seem to be nonwave components. However, it is not always true. If we would not carefully choose gauge conditions, these variables could contain a wave component even in the wave zone. To extract gravitational waves simply from nonaxisymmetric parts of h ij , it is preferable to suppress wave components in these variables with an appropriate choice of gauge conditions. In the next section, we propose a gauge condition which meets the above demand.
III. GAUGE CONDITIONS
In this section, we propose gauge conditions which are suited for the computation of gravitational waves emitted from quasiequilibrium states.
As the time slicing, we adopt the maximal slicing condition as
Then, an elliptic-type equation for α is obtained;
This equation may be written as
Note that in the case K = 0, it is found from Eq. (2.24) that the condition We propose spatial gauge conditions for h ij in which
, and
where on the right-hand side of these equations, we allow adding certain nonlinear terms of h ij . For simplicity, we consider here the case in which they are vanishing. Namely, we adopt a transverse and tracefree condition for ψ 6 h ij /α. In this case,
There are two merits in choosing this gauge condition. The first one is that using Eq. (2.35), we can derive a relation in this gauge as i is not contaminated much by the wave components and it is mainly composed of a nonwave component in the wave zone. As a result of this fact, it is allowed to regard β k in the wave zone as a nonwave component.
In the maximal slicing condition K = 0, the following relation holds:
Since the right-hand side of this equation is weakly dependent on h ij and mainly composed of nonwave components, we may also regard ψ in the wave zone as a nonwave component.
The second merit appears in the equation for h ij , which is written as
where we use the condition K = 0. Osn the left-hand side, only linear terms in h ij are collected, and on the right-hand side, the nonlinear terms are located.
In the linear order in h ij , Eq. (3.9) is regarded as a Helmholtztype equation in a curved spacetime for nonaxisymmetric parts of h ij . As a result, we can clarify that the nonaxisymmetric parts of h ij are wave components in the wave zone. This fact is helpful in specifying the boundary condition in the wave zone.
Since both wave and nonwave components are included, it is not trivial how to impose outer boundary conditions for h ij . A solution to this problem is to use a spectrum decomposition method in which we expand h ij as 10) and solve each m mode separately. As already clarified, h
ij is a nonwave component and h (m) ij (m = 0) is a wave component. Thus, we can impose the outer boundary condition for both components correctly.
Before closing this section, the following fact should be pointed out. For computation of quasiequilibrium states in the presence of the helical Killing vector, the minimal distortion gauge [21] in which
is not available. In this gauge, we fix the gauge condition for ∂ tγij , but do not specify any gauge condition forγ ij ; i.e., an initial gauge condition at t = 0 is not specified.
To obtain a quasiequilibrium state, on the other hand, we have to fix the gauge condition initially, and as a result, throughout the whole evolution, the gauge condition is fixed because of the presence of the helical Killing vector. This is the reason that we cannot use the minimal distortion gauge in the helical symmetric spacetimes.
IV. FORMULATION FOR COMPUTATION OF GRAVITATIONAL WAVES

A. Equations for background quasiequilibrium neutron stars
Instead of solving the full equations derived above, in this paper, we adopt an approximate method for the computation of gravitational waves from binary neutron stars in quasiequilibrium states. First, we compute the quasiequilibrium states of binary neutron stars in the framework of the so-called conformal flatness approximation neglecting h ij [22, 16, 17] . Then the basic equations for the gravitational field are
and we set K = 0. The spatial gauge condition (3.5) is automatically satisfied since we assume h ij = 0. In the far zone, these gravitational fields behave as
where M denotes the Arnowitt-Deser-Misner (ADM) mass of the system, and Y lm (θ, ϕ) is the spherical harmonic function. We implicitly assume that the real part of Y lm is taken. The asymptotic behaviors of α lm , ψ lm , a lm , b lm , and c lm at r → ∞ are
The coefficient of the monopole part of α should be −M for quasiequilibrium states in the conformal flatness approximation [23] . This relation is equivalent to the scalar virial relation so that it can be used for checking numerical accuracy [see Eq. (5.7)]. We adopt the energy-momentum tensor for the perfect fluid in the form
where ρ, ε, P , and u µ denote the rest mass density, specific internal energy, pressure, and four-velocity, respectively. We adopt polytropic equations of state as
where κ is a polytropic constant, Γ = 1 + 1/n, and n a polytropic index. Using the first law of thermodynamics with Eq. (4.11), ε is written as nP/ρ. The assumption that κ is constant during the late inspiraling phase is reasonable because the timescale of orbital evolution for binary neutron stars due to the radiation reaction of gravitational waves is much shorter than the heating and cooling timescales of neutron stars. In this paper, we adopt n = 1 as a reasonable qualitative approximation to a moderately stiff, nuclear equation of state.
Since the timescale of viscous angular momentum transfer in the neutron star is much longer than the evolution timescale associated with gravitational radiation, the vorticity of the system conserves in the late inspiraling phase of binary neutron stars [24] . Furthermore, the orbital period just before the merger is about 2 ms which is much shorter than the spin period of most of neutron stars. These imply that even if the spin of neutron stars would exist at a distant orbit and would conserve throughout the subsequent evolution, it is negligible at close orbits for most of neutron stars of the spin rotational period longer than ∼ 10 ms. Thus, it is reasonable to assume that the velocity field of neutron stars in binary just before the merger is irrotational.
In the irrotational fluid, the spatial component of u µ is written as
where h = 1 + ε + P/ρ and Φ denotes the velocity potential. Then, the continuity equation is rewritten to an elliptic-type equation for Φ as
In the presence of the helical Killing vector, the relativistic Euler equation for irrotational fluids can be integrated to give a first integral of the Euler equation as [25] 
Thus, Eqs. (4.13) and (4.14) constitute the basic equations for hydrostatics.
B. Equation for hij
After we obtain the quasiequilibrium states solving the coupled equations of Eqs. (4.1)-(4.3), (4.13), and (4.14), the wave equation for h ij [Eq. (3.9)] is solved up to linear order in h ij in the background spacetime of the quasiequilibrium states. Without linearization, nonlinear terms of h ij cause a problem in integrating the equation for h ij in the wave zone because standing gravitational waves exist in the wave zone in the helical symmetric spacetimes and as a result the nonlinear terms of h ij fall off slowly as r −2 . In a real spacetime, the helical symmetry is violated because of the existence of a radiation reaction to the orbits. This implies that the existence of the standing wave and the associated problem are unphysical. Thus, we could mention that linearization is a prescription to exclude an unphysical pathology associated with the existence of the standing wave.
In the absence of nonlinear terms of gravitational waves, we cannot take into account the nonlinear memory effect [26] . However, as shown in [26] , this effect builds up over a long-term inspiraling timescale, and as a result, it only slightly modifies the wave amplitude and luminosity of gravitational waves at a given moment. Thus, it is unlikely that its neglect significantly affects the following results.
In addition to a linear approximation with respect to h ij , we carry out a further approximation, neglecting terms of tiny contributions such as coupling terms between β k and h ij and between T µν and h ij . We have found that the magnitude of these terms is much smaller than the leading order terms and its contribution to the amplitude of gravitational waves appears to be much smaller than the typical numerical error in this paper of ∼ 1%. We only include coupling terms between h ij and spherical parts of α and ψ since they yield the tail effect for gravitational waves which significantly modifies the amplitudes of gravitational waves [27] . We also neglect the perturbed terms of ψ, α, and β i associated with h ij since they do not contain information of gravitational waves in the wave zone under the gauge conditions adopted in this paper [28] . With these simplifications, the numerical procedure for a solution of h ij is greatly simplified.
As a consequence of the above approximation, we obtain the wave equation of h ij as denote the spherical part of ψ and α which are computed by performing the surface integral over a sphere of fixed radial coordinates as 16) where dS = sin θdθdϕ. Note that in the present formulation, the spatial gauge condition is
We neglect coupling terms of h ij with α and ψ except for with α 0 and ψ 0 since their order of magnitude is as small as that of coupling terms between h ij and β i . In Eqs. As mentioned in Sec. I, the procedure for the computation of gravitational waves adopted here is quite similar to that for obtaining gravitational waves in the post Newtonian approximation [3, 4] : In the post Newtonian work, one first determines an equilibrium circular orbit from post Newtonian equations of motion, neglecting the dissipation terms due to gravitational radiation. Then, one substitutes the spacetime metric and matter fields into the source term for a wave equation of gravitational waves. In this case, no term with regard to gravitational waves and the radiation reaction metric is involved in the source term of the wave equation. We may explain that we here follow this procedure.
The main difference between our present method and post Newtonian calculations is that we fully include a general relativistic effect in ψ, α, and β k for quasiequilibrium states without any approximation, and that we take into account the effect of tidal deformation of each neutron star.
In the post Newtonian approximation, h ij is present from second post Newtonian (2PN) order [30, 31] . This implies that quasiequilibrium states obtained in the conformal flatness approximation and gravitational waves computed in their background spacetimes contain an error of 2PN order from the viewpoint of the post Newtonian approximation. To obtain quasiequilibrium states and associated gravitational waveforms for better post Newtonian accuracy, it is necessary to take into account h ij . Here, we emphasize that our method does not restrict the zeroth-order solution of the three-metric in conformally flat form. Even if quasiequilibrium states are constructed in a formalism with h ij , we can compute gravitational waves in the same framework. In this paper, we adopt the conformal flatness approximation simply because of a pragmatic reason as mentioned in Sec. I. With a modified formalism and a new numerical code taking into account h ij , it would be possible to improve the accuracy of quasiequilibrium states appropriately in the present framework (see discussion in Sec. VI).
C. Basic equations for computation of hij
Since h ij in Eq. (4.15) couples only with functions of r, we decompose it using the spherical harmonic function Y lm (θ, ϕ) as
where * denotes the relations of symmetry. Note that the trace-free condition for h ij is used in defining Eq. (4.18).
Here, A lm , B lm , C lm , D lm , and F lm are functions of r, and
Using Eq. (4.18), the equations of the spatial gauge condition are explicitly written as
From these equations, we find that the following relations have to be satisfied in this gauge condition:
0 with D lm = 0. The behavior of A lm , B lm , and C lm for l = 0 and 1 is regular for r → ∞, but not for r → 0. This implies that they should vanish for l = 0 and 1, and modes only of l ≥ 2 should be nonzero. Thus, nonwave components in h ij of l ≤ 1 can be erased in the present gauge condition.
For l ≥ 2, B lm , F lm , and D lm can be calculated from A lm and C lm because of our choice of the spatial gauge condition. This implies that we only need to solve the equations for A lm and C lm , which are derived as (cf. Appendix A) 25) where Y * lm denotes the complex conjugate of Y lm , and Eqs. (4.21) and (4.23) are used to erase B lm , F lm and D lm in these equations. For the case m = 0, these equations are elliptic-type equations for A lm and C lm , implying that they are not gravitational waves.
In this paper, we consider the binaries of two identical neutron stars. Then, the system has π-rotation symmetry. In this case, A lm of even l and even m and C lm of odd l and even m are nonzero, and other components are zero. 
For l = 2 and 3, the falloff of this term is so slow that it could become a source of numerical errors in integrating Eqs. (4.24) and (4.25) for the computation of gravitational waves in the wave zone. Furthermore, Eq. (4.26) gives a main contribution for solutions of A lm and C lm in the wave zone; namely, we need to carefully estimate the contribution from this term for an accurate computation of gravitational waves. To resolve this problem, we transform the variables from A lm and C lm to new variables aŝ
27) 
D. Boundary conditions
Ordinary differential wave equations forÂ lm andĈ lm with 2 ≤ l ≤ 6 and 2 ≤ |m| ≤ 6 are solved, imposing boundary conditions at r = 0 as
and at a sufficiently large radius r = r max λ ≡ 2π(mΩ)
where r * denotes a tortoise coordinate defined by
Here, we assume the asymptotic behaviorŝ
33)
where C A and C C are constants. Note that for obtaining an "equilibrium" state in which no energy is lost from the system, we should adopt the ingoing-outgoing wave boundary condition for keeping an orbit. However, the purpose here is to compute realistic, outgoing gravitational waves, so that we adopt Eqs. (4.33) and (4.34) as the outer boundary conditions.
For m = 0, the falloff of the term (4.26) is not very slow, so that we do not have to change variables. Elliptictype ordinary differential equations (ODEs) for A lm and C lm are solved, imposing the boundary conditions at r = 0 as
and the outer boundary conditions as
Note that these outer boundary conditions are determined from the asymptotic behavior of their source terms [cf. S
QE ij
and Eq. (4.9)]. Since the wave equations are ODEs, it is easy to take a sufficiently large number of grid points up to a distant wave zone in current computational resources. If the outer boundary conditions are imposed in the distant wave zone, the above simple boundary conditions, without including higher order terms in 1/r, are acceptable. Also, ODEs can be solved with a very high accuracy in current computational resources. Thus, the numerical accuracy for gravitational waveforms computed below is limited by the accuracy of quasiequilibrium states obtained in the first step (i.e., the source terms of the wave equations limit the accuracy).
E. Formulas for gravitational wave amplitude and luminosity
In the distant wave zone, + and × modes of gravitational waves, h + and h × , are defined as [29] 
and, thus,
In the distant wave zone, F lm and D lm can be obtained fromÂ lm andĈ lm as
43)
For the latter, we write h + in the wave zone as 
where Ψ = ϕ − Ωt, D is the distance from a source to an observer, andĤ lm denotes the amplitude for each multipole component (l, m). Here, we assume that the mass centers for two stars are located along x-axis at t = 0. The gravitational wave luminosity is computed from [29] Following previous works [16, 17] , we define the coordinate length of semimajor axis R 0 and half of orbital separation d for a binary of identical neutron stars as
where R in and R out denote coordinate distances from the mass center of the system (origin) to the inner and outer edges of the stars along the major axis. To specify a model along a quasiequilibrium sequence, we in addition define a nondimensional separation as
Atd = 1, the surfaces of two stars contact and atd → ∞, the separation of two stars is infinite. In the case n = 1, the sequences of binaries terminate atd =d min 1.25 for which the cusps (i.e., Lagrangian points) appear at the inner edges of neutron stars [17] . Also it is found that ford > ∼ 2, the tidal effect is not very important. Thus, we perform a computation for 1.25 ≤d ≤ 3.
In using the polytropic equations of state (with the geometrical units c = G = 1), all quantities can be normalized using κ as nondimensional as
where M , J, and R denote the total ADM mass, total angular momentum, and a circumferential radius. Hence, in the following, we use the unit with κ = 1. For later convenience, we also define several masses as follows:
M 0 : the rest mass of a spherical star in isolation, M g : the ADM mass of a spherical star in isolation,
the total ADM mass of a binary system.
Here M is obtained by computing the volume integral of the right-hand side of Eq. (4.2). Note that M is not equal to M t in the presence of the binding energy between two stars. The binding energy of one star in isolation and the total binding energy of the system is defined as
The energy and angular momentum are monotonically decreasing functions ofd(≥d min ) for n = 1 [17] irrespective of the compactness of each star. Quasiequilibrium states in the framework of the conformal flatness approximation are computed using the method developed by Uryū and Eriguchi [16] . We adopt a spherical polar coordinate (r, θ, ϕ) in solving basic equations for gravitational fields [cf. Eqs. (4.1)-(4.3) ]. Here, the coordinate origin is located at the mass center of the binary. Since we consider binaries of identical stars, the equations are numerically solved for an octant region as 0 ≤ r ≤ 100R 0 and 0 ≤ θ, ϕ ≤ π/2. We typically take uniform grids of 51 grid points for θ and ϕ. For the radial direction, we adopt a nonuniform grid and the typical grid setting is as follows: For 0 ≤ r ≤ 5R 0 , we take 201 grid points uniformly (i.e., grid spacing ∆r = 0.025R 0 ). On the other hand, for 5R 0 ≤ r ≤ 100R 0 , we take 240 nonuniform grids, i.e., in total 441 grid points for r. A fourth-order accurate method is used for finite differencing of θ and ϕ directions and a second-order accurate one
Using this numerical scheme, we compute several sequences, fixing the rest mass M 0 and changing the binary separationd. Such sequences are considered to be evolution sequences of binary neutron stars as a result of gravitational wave emission. We characterize each sequence by the compactness which is defined as the ratio of the gravitational mass M g to the circumferential radius R c of one star at infinite separation. Hereafter, we denote it as (M/R) ∞ [cf. Table I for Tables II and III. Convergence of a numerical solution with increasing grid numbers has been checked to be well achieved. Some of the results are shown in [16] so that we do not touch on this subject in this paper. In addition to the convergence test, we also check whether a virial relation is satisfied in numerical solutions: In the framework of the conformal flatness approximation, the virial relation can be written in the form [23] V E = 2αψ
As mentioned above, this relation is equivalent to that where the monopole part of α is equal to −M . Since this identity is not trivially satisfied in numerical solutions, violation of this relation can be used to estimate the magnitude of numerical error. The nondimensional quantity V E/M is tabulated in Tables II and III, which are typically of O(10 −5 ). We consider that this is satisfactorily small so that the quasiequilibrium states can be used as zeroth-order solutions for the computation of gravitational waves.
The computations in this paper can be carried out even without supercomputers. We use modern workstations in which the typical memory and computational speed are 1 Gbyte and several 100 Mflops. Numerical solutions of quasiequilibrium states are obtained after 350 -650 iteration processes. For one iteration, it takes about 50 sec for a single Dec Alpha 667MHz processor so that about 7-10 hours are taken for computation of one model. With these computational resources, the computation in this paper has been done in one month.
Computation of ODEs for hij
−3/2 λ in this setting. This makes the simple outgoing boundary conditions (4.30) and (4.31) appropriate (see discussion below). To obtain S A lm (r) and S C lm (r) in every grid point, appropriate interpolation and extrapolation are used. The extrapolation for r > 100R 0 is performed taking into account the asymptotic behavior for α, β k , and ψ shown in Eq. (4.9). The equations forÂ lm andĈ lm are solved by a second-order finite-differencing scheme jointly used with a matrix inversion for a tridiagonal matrix [32] . Onedimensional elliptic-type equations for A l0 and C l0 are solved in the same grid setting, only changing the outer boundary conditions. These numerical computations can be performed in a few minutes using the same workstation described above.
B. Calibration of gravitational wave amplitude and luminosity
Convergence test
Convergence tests for the gravitational wave amplitude have been performed, changing the resolution for the computation of quasiequilibrium states for every compactness. As mentioned above, the error associated with the method for integrating the one-dimensional wave equation is negligible. Since the source terms of the wave equation are composed of quasiequilibrium solutions, the resolution for the quasiequilibrium affects the numerical results on gravitational waves. To find the magnitude of the numerical error, the grid size is varied from 51 to 41 and 61 for θ and ϕ and from 441 to 221 and 331 for r. It is found that varying the angular grid resolution very weakly affects the numerical results within this range; the convergence of the wave amplitude is achieved within ∼ 0.1% error. The effect of the varying radial grid size is relatively large, but we find that with a typical grid size of 441, the numerical error for the wave amplitude is < ∼ 1% for (l, m) = (2, 2) and < ∼ 2% for (3,2), (4,2), and (4,4). Since the amplitude of the (2,2) mode is underestimated by < ∼ 1%, in the following, the total amplitude and luminosity of gravitational waves are likely to be underestimated by < ∼ 1% and < ∼ 2%, respectively.
Comparison between numerical results and post Newtonian formulas for a weakly gravitating binary
Before a detailed analysis on gravitational waves from compact binary neutron stars, we carry out a calibration of our method and our numerical code by comparing the numerical results with the post Newtonian formulas for a binary of small compactness (M/R) ∞ . For calibration here, we adopt (M/R) ∞ = 0.05 (cf. 
where u = cos θ, η denotes the ratio of the reduced mass to M t which is 1/4 for equal-mass binaries, and
Here the post Newtonian order of the modes with l ≥ 7 is higher than the third post Newtonian order, and such modes have not been published [7] . We note that in H 22 , H 32 , H 42 , and H 44 , we include the effect of their tail terms of second and half post Newtonian (2.5PN) order which could give a non-negligible contribution to the wave amplitudes. These terms have not been explicitly presented in any papers such as [2, 3] Before we perform the comparison between numerical results and post Newtonian gravitational waves, we summarize possible sources of the discrepancy between two results. One is associated with the conformal flatness approximation adopted in obtaining quasiequilibrium states. In this approximation, we discard some terms which are as large as a 2PN term from viewpoint of the post Newtonian approximation. As a result, the magnitude of the difference between two results could be of O(v 4 ). The second source is purely a numerical error associated with the finite differencing. The magnitude of this error will be assessed in the next subsection. The third one is associated with the post Newtonian formulas in which higher order corrections are neglected. This could be significant for binaries of large compactness. In the following, we will often refer to these sources of discrepancy.
Calibration for the gravitational wave amplitude
In Fig. 1 We do not consider (5, 2) and (6, 2) modes because their magnitude is much smaller than that of the (2, 2) mode. We plot three curves for the (2, 2) mode; one curve (dotted line) is plotted using the 2PN formula of H 22 shown in Eq. (5.9), the second one (solid line) using the 1.5PN formula neglecting the 2PN and 2.5PN terms, and the third one (thin solid line) is using the Newtonian formula [labeled by (2.2)N ]. By comparing the relative errors for (2, 2) modes with three post Newtonian formulas, it is found that the post Newtonian corrections up to 1.5PN order give a certain contribution by ∼ 3% of the leading order Newtonian term even atd 3 (v 2 0.017) but that 2PN effects are not very important for small compactness (M/R) ∞ = 0.05. It is reasonable to expect that post Newtonian correction terms higher than 2PN order beyond the leading terms are also unimportant for other modes with this compactness. This indicates that H lm in Eq. (5.9) contains sufficient correction terms for l = 2, 3, and 4. On the other hand, the absence of post Newtonian correction terms beyond the leading term in H lm for l = 5 and 6 would cause an error of a certain magnitude (see below).
The result presented here also indicates that systematic error associated with the conformal flatness approximation for background binary solutions, in which we neglect h ij of 2PN order, is likely to be irrelevant for (M/R) ∞ = 0.05.
For l = 2, 3, and 4 modes at sufficiently large separation asd ∼ 3 (v 2 ∼ 0.017) in which post Newtonian corrections and tidal deformation effects become unimportant, the relative errors converge to constants as shown in Fig. 1 . These constants can be regarded as a numerical error because they should be zero for sufficiently distant orbits. Thus, we can estimate that the magnitude of the numerical error is < ∼ 1% for (l, m) = (2, 2), ∼ 3% for (3, 2) , and ∼ 1 − 2% for l = 4. These results are consistent with those for convergence tests.
For l = 5 and 6, the post Newtonian formulas we use in this paper are not good enough as a theoretical prediction. Observing the results for l = m = 2 in Fig.  1 , the post Newtonian formulas for l = 5 and 6 in Eq. (5.9) overestimate the true value of the wave amplitude by ∼ 3% atd ∼ 3 (v 2 ∼ 0.017) because of the lack of correction terms of O(v 2 ) and O(v 3 ) to the leading term. Taking into account this correction, we may expect that the numerical errors are ∼ 4% for l = 5 and ∼ 2% for l = 6. These results indicate that our method can yield fairly accurate waveforms of gravitational waves even for higher multipole modes.
With decreasing the orbital separation, the ratio of the numerical to post Newtonian amplitude becomes higher and higher irrespective of (l, m). This amplification is due to the tidal deformation of each star [36] . For the (2, 2) mode, the amplification factor is not very large, i.e., ∼ 2%, even atd = 1.3 (v 2 ∼ 0.035). However, for higher multipole modes, the amplification factor is larger. Atd = 1.3, it is ∼ 8% for (3,2), (4,2), and (4, 4) and ∼ 15% for (5, 4) and (6, 6) . This result is qualitatively and even quantitatively in good agreement with a result in an analytic result presented in Appendix B.
Calibration for the gravitational wave luminosity
In Fig. 2 , we show the gravitational wave luminosity as a function of v 2 . We plot the numerical results (solid circles), 2.5PN formula (solid line), 2PN formula (dashed line), 1.5PN formula (dotted line), and 1PN formula (dotdashed line). Since v 2 is small in this case, the 2PN and 2.5PN formulas almost coincide, and the gravitational wave luminosity is mostly determined by (2, 2) mode. As in the case of the wave amplitude, numerical results agree with 2PN and 2.5PN formulas within a small underestimation by ∼ 1.5% for distant orbits. As explained above, this error is of numerical origin. For close orbits, the tidal effects slightly increase the magnitude beyond the post Newtonian formulas, but the amplification is not very large (by ∼ 5% atd = 1.3).
Although the effect of the tidal deformation is significant for higher multipole components of gravitational waves, their contribution to the total luminosity and wave amplitude is very small, because the magnitude of the (2,2) mode is much larger than others. The amplification factor in the gravitational wave amplitude and luminosity due to tidal deformation is expected to depend strongly ond but weakly on the compactness. Thus, even for binaries of large compactness, we expect that the amplification is ∼ 2% for the amplitude and ∼ 5% for the luminosity at the innermost binary orbit,d ∼ 1.3.
Effect of location of outer boundary in extracting gravitational waves
As a final calibration, we investigate the effect of outer boundary conditions on gravitational wave amplitudes, because the outer boundaries are imposed at a finite radius. In Fig. 3 , we plot the wave amplitude for the (2,2) mode as a function of r/λ in the cased = 1.3 (v 2 ∼ 0.035). We plot two curves. One (solid line) is |Ĥ 22 (r)|/|Ĥ 22 (r = r max )| which is obtained by imposing the outer boundary condition at r = r max = 55λ. The other is the result for the following experiment; we impose the outer boundary condition for a wide range of the radius as 0.1λ ≤ r max ≤ 55λ and compute |Ĥ 22 (r = r max )|. In this case, we plot |Ĥ 22 (r = r max )|/Ĥ 22 (r = r max = 55λ)|. We find that (1) if we impose the outer boundary condition at r > ∼ 5λ (10λ), the wave amplitude can be computed within 0.3% (0.1%) error, (2) if we want to compute the wave amplitude within 5% error, it is necessary to choose the outer radius as r max > ∼ 1.5λ, and (3) even if we impose the boundary condition at r max ∼ 0.6λ, the wave amplitude can be estimated within 15% error. In the computation of this paper, we always impose the boundary condition at r > 15λ, implying that the numerical error of the wave amplitude associated with the location of the outer boundaries is negligible (much smaller than other numerical errors).
An interesting finding is that even if we imposed the boundary condition in the local wave zone (or in the distant near zone) at r max ∼ λ, the wave amplitude could be estimated only with a ∼ 10% error. In our recent simulation on the merger of binary neutron stars, the outer boundaries are located in a distant near zone or in a local wave zone [r ∼ (0.6 − 2)λ depending on the stage of the merger] [35] . The present results indicate that even with this approximate treatment of the outer boundary conditions, the gravitational wave amplitude could be computed within about a 10% error.
C. Gravitational waves from compact binaries
Next, we perform a numerical computation, adopting more compact neutron stars. According to models of spherical neutron stars, the circumferential radius of realistic neutron stars of mass M g = 1.4M where M denotes the solar mass is in the range between ∼ 10km and ∼ 15km. This implies that the compactness (M/R) ∞ is in the range between ∼ 0.14 and ∼ 0.21. Thus, we choose (M/R) ∞ = 0.14 and 0.19 as examples (cf. Table  I forM g andM 0 and Table III for the relevant quantities of the quasiequilibrium sequences).
In Figs. 4-7, we plot the total energy E t and the angular momentum J as a function of v 2 for (M/R) ∞ = 0.14 and 0.19. They are normalized by M 0 and 4M 2 0 to be nondimensional. For comparison, we also plot the energy and angular momentum for binaries of nonspinning stars derived in the 2PN approximation [3] as 13) where E b has to be added in the energy in comparison because in E t not only the binding energy between two stars but also the binding energy of individual stars is included. In [3] , J 2PN is not shown but it is easily computed from the relation dE = ΩdJ for the point mass case. Figures 4 and 5 show that for distant orbits and for (M/R) ∞ = 0.14, the numerical results are fitted well with 2PN formulas except for a possible small systematic, numerical error. This indicates that for mildly relativistic orbits, higher post Newtonian terms as well as h ij for quasiequilibrium binary solutions which we do not take into account in this paper are not very important. For close orbits asd < ∼ 1.6, the deviation of numerical results from the 2PN formula becomes noticeable. This deviation seems to be due to the tidal effects because the deviation increases rather quickly with increasing v 2 . (If post Newtonian corrections are relevant, the deviation should be proportional to a low power of v 2 . On the other hand, if tidal effects are relevant, the deviation is proportional tod −6 ∝ v 12 [36] .) For (M/R) ∞ = 0.19 and v 2 > ∼ 0.1, the coincidence between numerical and 2PN results becomes worse even for distant orbits, in particular for J. This indicates that effects of third and higher post Newtonian corrections could not be negligible for such compact binaries. Also, the effects of h ij for solutions of quasiequilibrium binary neutron stars might not be negligible.
In Figs. 8-11 , we show the wave amplitude for the (2,2) 1PN, 1.5PN, 2PN , and 2.5PN formulas. v 2 in these sequences of compact binaries is in the range between 0.05 and 0.155. The frequency of gravitational waves can be written as
(5.14)
Thus, if we assume that the total mass of the binary is 2.8M , f GW for binaries presented here is in the range between 250Hz and 1350Hz. Since convergence of the post Newtonian expansion is very slow for v 2 > ∼ 0.05, no post Newtonian formulas fit well with numerical results for the whole range of v 2 from 0.05 to 0.15. For distant orbits, the numerical results agree relatively better with the 2.5PN formulas than with lower post Newtonian formulas both for the (2,2) mode wave amplitude and for the luminosity. For close orbits, on the other hand, the numerical results deviate highly from 2.5PN formulas as well as from other formulas. This deviation is due either to the tidal effect or to the higher post Newtonian corrections. As we show in the small compactness case, the tidal effect could amplify the gravitational wave amplitude and luminosity by several percent. Therefore, it certainly contributes to this deviation. However, the difference between numerical results and 2.5PN formulas for v 2 > ∼ 0.1 is too large to be explained only by the tidal effect. Thus, we conclude that higher post Newtonian corrections affect this difference significantly. To explain the behavior of numerical curves, third or higher post Newtonian formulas are obviously necessary [7] . The magnitude of the error associated with the neglect of h ij will be estimated in Sec. V E.
D. Validity of assumption for quasiequilibrium
In this paper, we have assumed that the orbits are in quasiequilibrium. As we define in Sec. I, the assumption is valid only in the case when the coalescence timescale is longer than the orbital period. Here, we assess whether the assumption holds for close orbits. To estimate the coalescence timescale, we compute should be taken as v 2 at the innermost stable circular orbit (ISCO, i.e., the minima for E t and J as a function of v or Ω) of binaries. However, for irrotational binary neutron stars of identical mass with n = 1, the ISCO does not exist. As we discussed in [17] , two neutron stars could start mass transfer from their inner edges ford < 1.25, resulting possibly in a dumbbell-like structure of two cores. Even if the shape varies, however, the energy and angular momentum are likely to continuously decrease with decreasing separation between two cores ford < ∼ 1.25, and their quasiequilibrium states are mainly determined under the influence of general relativistic gravity and the tidal interaction between the two cores. Thus, we use an extrapolation for the computation of E t and dE/dt for d < 1.25 using data points ford ≥ 1.25. A fitting formula for E t is constructed using the data points atd = 1.25, 1.3, 1.4, 1.5, 1.6, and 1.8 as 16) where the last term denotes the effect of a tidal deformation [36] . For the fitting, we use the least squares method. In Figs. 12 and 13, we show E t in the fitting formula as a function of v 2 for (M/R) ∞ = 0.14 and 0.19. It is found that the energy curves around the innermost binary orbit (atd = 1.25) are well fitted by this method and that the minimum of the energy appears. We define v One may think that this procedure is too rough. However, it would be acceptable because the evolution timescale from the innermost binary orbit atd = 1.25 to the minimum found from the fitting formula is ∼ 1/3 and ∼ 1/10 of the orbital period atd = 1.25 for (M/R) ∞ =
In Fig. 14, we show t coal as a function of v 2 for (M/R) ∞ = 0.14 (solid circles) and 0.19 (solid squares). For comparison, we plot the orbital period (solid lines) and coalescence time for the Newtonian binary of two point masses (i.e., 5M t /(64v 8 ); see [9] ). All the quantities are plotted in units of M t = 2M g . The coalescence time becomes equal to the orbital period atd =d crit ∼ 1.4 and v 2 ∼ 0.10 for (M/R) ∞ = 0.14 and atd =d crit ∼ 1.7 and v 2 ∼ 0.125 for (M/R) ∞ = 0.19. As mentioned in Sec. I, assuming the quasiequilibrium state for binary neutron stars is appropriate only for distant orbits aŝ d >d crit . Atd ∼d crit , it is likely that an adiabatic circular orbit gradually changes to a plunging noncircular orbit. This implies that the quasiequilibrium treatment for close binary neutron stars can introduce a certain systematic error, although it seems still to be an adequate approximation as long as the radial approaching velocity is much smaller than the orbital velocity (see below).
The coalescence time we derived here is much shorter than the Newtonian coalescence time of two point masses for close orbits, although the two results are in better agreement for v → 0. The main reason for the disagreement is that the variation of the curve for E t becomes very slow due to tidal effects for close orbits. [Recall that the coalescence time depends strongly on dE t /d(v 2 ).] In the absence of the tidal effect, the shape of the curve for E t would be similar to that for a binary of point masses, so that variation of the energy near the innermost binary orbit would not be very slow, and consequently the coalescence time would not be as short as the above numerical results.
In Fig. 15 , we show the ratio of an average, relative radial velocity between two stars [defined as v
The solid and dashed lines denote the numerical results for (M/R) ∞ = 0.19 and 0.14. The dotted line denotes the Newtonian result for two point masses (i.e., 16v 5 /5; see [9] ). Figure 15 shows that atd =d crit , the radial velocity is still ∼ 2% of the orbital velocity, but it becomes ∼ 10% of the orbital velocity neard = 1.25. It is also found that the Newtonian formula underestimates the radial velocity by several 10% for orbits atd =d crit . For (M/R) ∞ = 0.14, the factor of this underestimation is rather large, because in this case, the tidal effect which increases the radial velocity is significant atd =d crit . It is appropriate to give the following word of caution. Since assuming quasiequilibrium states for binary neutron stars is not very good ford <d crit , the velocity ratio derived for such close orbits might not be a good
d(d)]
−1 which becomes very large aroundd ∼ 1.25. For a real evolution of binary neutron stars, the time evolution of E t could be fairly different from the curve for the quasiequilibrium sequence. To derive the radial velocity appropriately, numerical simulation with an initial condition atd ∼d crit may be a unique method for this final phase.
E. hij in the near zone
In this paper, we have computed quasiequilibrium states assuming that the three-metric is conformally flat. For the computation of gravitational waves, we also adopt a linear approximation in h ij , assuming that the magnitude of h ij is much smaller than unity. In this section, we investigate whether these assumptions are indeed acceptable even for close and compact binaries of neutron stars. In the following, we compute the nearzone metric of (2,0) and (2,2) modes because they are the dominant terms.
In Figs. 16 and 17, we show h rr and h ϕϕ computed from (2,0) and (2,2) modes along the axis which connects the mass centers of two stars for (M/R) ∞ = 0.14 and 0.19 and ford = 1.3. For comparison, we also show ψ 0 − 1. The centers of the two stars are located at r ∼ 0.05λ. It is found that the magnitude of each mode is < ∼ 0.1 and sufficiently smaller than ψ 4 0 − 1, which denotes the deviation from flat space in the conformal part of the three-metric. Second post Newtonian studies [30, 31] indicate that h ij is a quantity of O(v 4 ) and of O(v 2 ) smaller than 4(ψ 0 − 1), and the numerical results here agree approximately with the post Newtonian results. Since the magnitude of h ij is smaller than 0.1 even for strongly relativistic cases, neglecting the nonlinear terms of h ij appears to be acceptable as long as we allow an error of < ∼ 1%. However, the magnitude of h ij is not small enough to neglect the linear term. Thus, quasiequilibrium states computed in the conformal flatness approximation likely contain a systematic error of certain magnitude.
From a simple order estimate using basic equations for computation of quasiequilibrium states, several quantities could be modified in the presence of h ij as 22) where quantities with δ denote the deviation due to the presence of h ij . For (M/R) ∞ = 0.19 and for close orbits asd = 1.3, the absolute magnitude of h ij at the location of stars is typically ∼ 0.05. This implies that neglecting h ij might induce a systematic error of O(10 −2 ) for Ω and J and of O(10 −3 ) for ρ, ψ, and M for close and compact binaries. These systematic errors might also induce a systematic error for the frequency and amplitude of the gravitational radiation of O(10 −2 ). Obviously, h ij cannot be neglected for close and compact binaries if we require an accuracy within a 1% error.
For (M/R) ∞ = 0.14 andd = 1.3, the magnitude of h ij is about half of that for (M/R) ∞ = 0.19, i.e., ∼ 0.02 at the location of stars. This is reasonable because h ij is of O(v 4 ). Thus, for smaller (M/R) ∞ , the conformal flatness approximation becomes more acceptable. However, even for (M/R) ∞ = 0.14, the magnitude of the systematic error due to the neglect of h ij could be larger than 1% for close orbits, implying that it seems to be still necessary even for neutron stars of mildly large compactness to take into account h ij to guarantee an accuracy within a 1% error.
Finally, we carry out an experiment: In solving equations for the nonaxisymmetric part of h ij , we have imposed an outgoing wave boundary condition since it obeys wave equations. This boundary condition is necessary to compute gravitational waves in the wave zone. However, to compute the near-zone metric for r λ, the term ( at r = 0, and
at r λ. The outer boundary condition is determined from the asymptotic behavior of the source term.
In Fig. 18 , we show h rr and h ϕϕ /r 2 computed from two different equations of different asymptotic behaviors in the case when (M/R) ∞ = 0.19,d = 1.3, and v 2 0.15 (i.e., in the highly relativistic case). Note that the centers of stars are located at r 0.052λ and the stellar radius is 0.040λ. It is found that the two results agree fairly well for r < ∼ 0.1λ where the stars are located. The typical magnitude of the difference between the two results is of O (10 −3 ). According to a post Newtonian theory in the 3+1 formalism [37, 31] , the difference between the two results denotes a radiation reaction potential of 2.5PN order. In our present gauge condition, the 2.5PN radiation reaction potential is written as [37] Fig. 18 are consistent with the post Newtonian analysis.
As mentioned above, the configuration of binary neutron stars and the orbital velocity are determined by quantities in the near zone. Thus, for obtaining a realistic binary configuration and orbital velocity taking into account h ij , solving modified elliptic-type equations instead of the wave equations for h ij may be a promising approach.
VI. SUMMARY AND DISCUSSION
We present an approximate method for the computation of gravitational waves from close binary neutron stars in quasiequilibrium circular orbits. In this method, we divide the procedure into two steps. In the first step, we compute binary neutron stars in quasiequilibrium circular orbits, adopting a modified formalism for the Einstein equation in which gravitational waves are neglected. In the next step, gravitational waves are computed solving linear equations for h ij in the background spacetimes of quasiequilibria obtained in the first step. In this framework, gravitational waves are computed by simply solving ODEs. The numerical analysis in this paper demonstrates that this method can yield an accurate approximate solution for the waveforms and luminosity of gravitational waves even for close orbits just before merger in which the tidal deformation and general relativistic effects are likely to be important.
From numerical results, we find that tidal and general relativistic effects are important for gravitational waves from close binary neutron stars withd < ∼ 1.5 and v 2 > ∼ 0.1. As a result of tidal deformation effects, the amplitude and luminosity of gravitational waves seem to be increased by a factor of several percent. It is also indicated that convergence of the post Newtonian expansion is so slow that even the 2.5PN formula for the luminosity of gravitational waves is not accurate enough for close binary neutron stars of v 2 > ∼ 0.1. In Sec. V E., we indicate that the magnitude of a systematic error in quasiequilibrium states associated with the conformal flatness approximation with h ij = 0 is fairly large for close and compact binary neutron stars. To investigate the quasiequilibrium states and associated gravitational waves more accurately, we obviously need to improve the formulation for gravitational fields of quasiequilibrium states. Thus, in the rest of this section, we discuss possible new formulations in which an accurate computation will be feasible. Although a few strategies have been already proposed [10, 11] , there seem to be many other possibilities, as we here propose some different methods in the case when we assume the presence of the helical Killing vector.
The most rigorous direction is to solve the full set of equations derived in Sec. II. However, to adopt this, we have to resolve several problems. One of the most serious problems is that the total ADM mass diverges because of the presence of standing gravitational waves in the whole spacetimes. This implies that the spacetime is not asymptotically flat, and it appears that we have to impose certain outer boundary conditions in the local wave zone just outside the near zone (i.e., at r ∼ λ). In this case, it is not clear at all what the appropriate boundary condition is for geometric variables. As we indicated in Sec. IV, if we impose an inappropriate outgoing wave boundary condition in the local wave zone, the error in the gravitational wave amplitude could be rather large. Thus, for adopting this strategy, we need to develop appropriate outer boundary conditions for the gravitation fields. We emphasize that numerical computation with rough boundary conditions leads to a fairly inaccurate numerical result in this strategy.
One of strategies for escaping this "standing wave problem" is to adopt a linear approximation with respect to ∂ t h ij . Note that the divergence of the ADM mass and related problems for imposing outer boundary conditions are caused by the termsÃ ijÃ ij in the equations for α and ψ and by the termÃ ikÃ k j in the equation for h ij which contain the quadratic terms of ∂ t h ij and hence behave as O(r −2 ) in the wave zone. Thus, if we neglect the nonlinear terms of ∂ t h ij in the equations of α, ψ, and h ij , there is no problem in solving these equations with asymptotically flat outer boundary conditions in the distant wave zone. As we indicated in Sec. V E, nonlinear terms of h ij are small in the near zone, so that neglect of them would not cause any serious systematic error. The neglect is significant in the wave zone because it changes the spacetime structure drastically. However, as mentioned in Sec. IV, this linearization may be considered as a prescription to exclude the unphysical pathology associated with the existence of the standing wave. One concern in this procedure is that the solutions derived in this formalism do not satisfy the Hamiltonian constraint equation, because we modify it, neglecting the nonlinear terms of ∂ t h ij . However, as long as the magnitude of the violation is smaller than an acceptable numerical error, say, ∼ 0.1%, this method would be acceptable.
Even simpler method is to change the wave equation for h ij to an elliptic-type equation, neglecting the term
By this treatment, we can exclude the problem associated with the existence of standing waves. In this case, we do not have to neglect nonlinear terms of h ij because they do not cause any serious problems in the distant zone. As shown in Sec. V E, even if we solve the elliptic-type equation for h ij , the solution in the near zone likely coincides well with the solution obtained from the wave equations. This indicates that this treatment could yield an accurate approximate solution for the near-zone gravitational field and matter configuration of binary neutron stars. In this case, gravitational waves cannot be simultaneously computed. However, as we have shown in this paper, we can compute gravitational waves in a post-processing.
The method we should choose depends strongly on our purpose. If one would want to obtain an "exact" solution in the presence of the helical Killing vector, we should choose the first one, even though it may be an unphysical solution. However, if we would want to obtain a reasonably accurate, physical solution or to obtain theoretical templates of reasonable accuracy, say, within 0.1% error, some approximate methods such as second and third ones may be adopted. We think that our purpose is not to obtain the unphysical, exact solution but to obtain a reasonably accurate physical solution which can be used as theoretical templates. In using second and third methods, we do not need new computational techniques or large-scale simulations. Furthermore, computational costs will be cheap. For these reasons, we consider that the second and third methods are promising.
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APPENDIX A: SOME FUNDAMENTAL CALCULATIONS
With the expansion of h ij in terms of tensor harmonics functions such as Eq. (4.18), the components of the Laplacian of h ij are written as
where c ≡ cos(Ωt) and s ≡ sin(Ωt).
To compute S ij···k , we need the velocity which is formally obtained after we solve the hydrostatic equations. For simplicity, we here assume the following form in the rotating frame :
where q 1 and q 2 are constants which depend on the orbital separation 2d. In the case of incompressible fluid, this becomes a highly accurate approximate solution [39] . Thus, for a star of a stiff equation of state such as neutron stars, this assumption would be acceptable. In this velocity field, all components for S ij are zero, and we have the following nonzero components for S ijk ;
2 is proportional to d −5 so that the amplification factor rapidly increases with decreasing orbital separation.
The amplification factors for higher multipoles are found to be
Thus, it is obviously found that the magnitude of the tidal effect for f 44 and f 42 is about 6 times larger than that for f 22 . (Q 3 is slightly larger than but roughly equal to Q 2 for binary of incompressible fluid [36] .) "6 times" implies that the amplitude of gravitational waves for these multipoles can be several 10% larger than that without the tidal deformation. For a rough estimation of f 32 , we use the relations for incompressible fluid. In this case, both q 1 /Ω and q 2 /Ω are written as (a
. Thus, the amplification factor becomes
indicating that the magnitude of the tidal effect on f 32 could be about 4-5 times as large as that of f 22 . All these results demonstrate that the effect of tidal deformation on the gravitational wave amplitude is more important for higher multipole gravitational waves and qualitatively agree with the numerical results in Sec. V.
In more higher multipole modes such as the l = m = 6 mode, a term such as Q XXXXXX will contribute. It is evaluated as
, and the amplification factor due to the tidal deformation will be about 15 times larger than that for the l = m = 2 mode. Thus, the effect of tidal deformation for close binary neutron stars will be even more significant. 
